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CHAPTER I
PURPOSE OF THE STUDY

This paper presents a method for the design of a flexible -
walled supersonic nozzle. It originated as a design protlem in

the construction of a ssries of Supersonic nozzles Ifor the

The problem as presented was ¢f a dual nature. It was
required.to design i supersonic pozzle which would have smooth
flow at a given idach number in the test section\,' Also, 1t was
specified4that the wembers which carry the ioad required to bend
the flexible walls to form the nozzle should be uniformly stressed.

The area of the innimum gection forthe design kach number
was known and the mechanical design of the mechanism for bending
the flexible walls was corxipléte so the locations of tk;e applied
loads were7kﬁcwﬁ.‘ In’addition, the iqcations of the various.
parts of the noz}zle ’and' ite overall length were, to some extent,
fixed by the physical design of the plant.

in the design of previous nezzles, which had been
limited to the low Mach number range, structural éonsideratiohs
had a secondary role to the aerodynamic requirements; because
little bending of the flexible plate was required to produce the

design area ratio between the first minimwn and the test section.



For high Msch numbers, however, wher e more severe bending of
the plate is require&, there are imposed serious structural
limitations.

It is the purpese of this pgper to show that undér these
conditions the structural snd aerodynamic requirements can be

satisfied Jointly in a design of a practical nature.



CHAPTR IT
VALIDATION CF T IMPORTANCE CF TFk PROBLEM
I, AEGCDYNAIC RiLATIONSHIFS

Consideration of the relationships between density,
velceity, and area cnanges for iséntropic flow in a chanuel
which are obtalinable from the equation of wotion and the
continuity equation reveals that for subsenic flows the speed
irnicreases méfe rapicdly than the corresponding decrease in
density so that to increazse the speed.in this regron it is
pecessary to ‘decrease the area of the channel in order to
satisty continuity considerations;y on the other hand, when
the flow is sgzpersénic the speed increases less rapidly than
’the ;ienéity decreases so that l;xer-e tle area must increass -
to increase the fiow speed. DBetween these two regions is a
po;i.nt where the flow rjeaches the speed of sound znd here the
density change' is quch‘that no area change at all is required
for an increment of speed. Thus, to generate a supens@nic -
flow at a given kach nu:mber‘ it becomes necessary to desimm a
channel whicl‘a decreases in area to a minimum séction and then
increases until the dssign‘yééﬁ number "is resched.
| In:smali Su@exébnic ﬁindctgnnals, ﬁﬁé usual practice i?
té use ‘contoured blockslwhich prodhée the necgssgfy érea

variation. A& separate set of blocks is required for each Mach
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" number at which *the tunnel is to run. In a large supersonic
wind tunnel tnis method becomes impractical -because of the
size, weight, and cost of fabrication of the no;zle blocks,
fhe l-foot supersonic pressure tunnei uses two i{lexible walls
constructed from .55 inch stainless steel to accomplish this

gurpos@ . ¢
IT. STRUCTURIL DuTaILS

The tunnel has a2 rectangular nozzle and test section,
figure 1 , consisting of two fixed pzarallel side walls énd
the two horizontal flexible nozzie walls; the side w:lls and
nozzle walls are 25 feet long and are continuous from aipdint
66 inches upstream of the throat to thne end of the test seétion
(figure 2). The test section has a width of 4.5 feet and a
height which varies with the lach number but which ié L. feet
for the iach 1.59 nozzle. The length of the uniferm flow
region along the wall of approximately 7 feet.

The supersonic nozzle and test secti&n are formed by
deflect;ing the horizontal flexible walls against a series of
fixed interchangeable templates which a:é designed to produce
uniform floﬁ in the test section. The deflection of the nogzle
‘walls ié accomplished by means of jacking screws #ttaghad to
transverse ‘corrugations on the outside of the flexibie walls,

These corrugations, which are fastened te the fleiible walls by



means of studs welded to the under side of the plate, serve
to increase the transverse stiffness of the nozzle plate and
to distribute the jacking loads, thereby minimizing local
wall irregularities‘, Details of this érrangament are shown

in figure 1(b).

III. NATURE OF THE STRUCTURAL LOADS

In a design of this nature, it is necessary to
consider the stresses arising from a number of causes
including ‘bending in the flexible plates, deflection due
to pressure differences across the plates, and loads gn the
jacks and studs. liost of these sources of stress could be
reduced by lengthening the nbzzle but this would cause
increased aerodynamic losses due to fricition at the walls
and also the physical desizn of the existing tunnel
configuration limits the iength.

In an earlier noiéle;designed for a Mach number of

1.59, some failures of the studs used to attach the cgrrugation

to the flexible plate were experienced in the 5ub$ohic‘p0rtion,

o~



5

It 'is these studs which carry the loads aprlied by the jacks
toﬂcause the flexible walls to follow the contour tewplates.
A& stress analysis revealed that the loads cgrrigd by various
studs were very vnequal as a result of the distribution of
bending stresses in the flexible walls which had béen faired
arbitrarily in this region. Since this condition would terd
to become more serious with increasin: Mach numébr ii‘was
decided that in the design of a Hach 2.2 nozzle en atteapt
should be made to evenly distribute the loads over all the
_studs,'not only in the subsonic pcrtion of the nozzle, bui
also in as much of the supersonic part as poscsible. This was
tc be accomplished by fairing the flexible walls in a curve :
which would require uniform loads at the support points to
produce it., This curve of unifcrm load can be considered ss
a criteria which must be satisfied jointly with the usual

serodynamic reguirements in this problem,
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CHAPTER IIT

THCDS OF PROCEDURE

For each Lach number at whicl. the tunnel is operated

the nozzle\templqtes nust be computed for a section from the

upétream end of the flexible wall to the end of the test

section, a total distance of 25 feet, For general reference,

a ilst of Ley station lccations is given in table I and

snown graphically in figure 2.

Point Station
(figure 2) {feet)

0
11.k28
4 12,445
B 16.525
c 17.29%
D 21.37h
28.835
36.0

TABLE T

Description

upstrean flange of entrance cone

upstrean end of flexible wall ;
%
3

vpstiream end of region of uniform Toad
zeometric minimum

aerodynamic minimun

downstream end of region of uniférm load

upstream end of test section

ldawnstream end of test section

In general the aserodynamic design procedures of this

 nozzle followed those used in earlier nozzles as concerned -

thg‘application”offthe method of characteristics a§d5tﬁé;

_ boundary layer corrections.



These nozzles have been built and testéd and found to give
thorougnly satisfactory results.

The metnod of procedure in this raper is to develop
ine end condifions consistent with the\impOSed aercdymamic
< and structural requiremeﬁts and then arpply trem to the differ-
ential eguation resulting from the elastic curve equation to
produce an expression tor the cocrdinates cof the nozsle. This
procedure is carried out seperately for the subsonic and super-~
sonic portioné of tne nozzle. After tne nozzle coordinates
for potential flcw have been oblained s correction is n.ade
for boundary layer growtii and the region at the aininup
éection is adjusted to assure choxing at the serodvnamin

winimum.



CHAPTSR IV
DESIGH OF SUBSCEIC PCTITICH OF NOLZLE

It is possible to consider the susonic portion of the
nozzle independently even though the entirs nozzle, both
subsonic and supersonic parts, is vent from a continuocus
‘sheet of st:eel_,because the suruaations of forces and moments
‘at the downstream end of tals portion (point B) of the nozzle
are zero, f{he length in terms of jack spacing and the direc-
‘tion of the individual jack forces was chosen to bring about

»
this result.

T. AEROLYNAMIC REQUIFMENTS

In this portion of the. nbzz.le_, section AB in figure 2,
the only aarodyhamic‘-fequirements are that the flow be smooth
and uniform at the minimun Bection and in addition, tie

nozzle shagpe musi be continuous through the minimum,
 II. THs EQU:TION OF UKIFORM LOAD
The curve which results in uniform jack loads is

obtained through the use af' the well known 'equétion of the

. elastic curve, - -7 -
B

mgﬁ R (1)

£



FTaking moments about B, <figure 2,
| = P f£(x)
=P[{x+ (x-?} {(x-m)w\-zl)e- (x - 28)
+ (x ~- 35;} {kx - h2) + (x - h9i}]

 where clockwise rotation is taken to be pesitive.

Piis one of the uniform lecads; i 1is the bending
moment at the cross seution in quegtion; and I is tne
moment of inertia of the cruss section with respect to a

perpendicular axis through its cen+er, Integration with
respect to x of equation (l) results in
dy _ P .
= £ dx +C 2
dx m (x) 1z (2)

an equatlon for the slone of the unlform loaa curve, where

tesges - {2 -7

»{ﬁx 12+ (=22 5 (x - 28)° « (x-—BS)E}

. {(g S5 (x e wﬁ}]

:ﬁ aeeend integrat;on with respect to x results in an equation'

:for daflaatloa wnlch is the r@quired eurve of wniform laad :

g fﬁ‘"}‘”‘ voxee o



f f Foxdeb = é{{xg+ (xq)? —{(X""f‘“(x—‘z»)a 10
+(x-28)+ (x—35).3} +{(X’52)3+ ("“1">3}J

Bquation (1) is an equation of third order and requires
three boundary conditions for a specific solution. These
conditions are supplied by the requirements that the slope
and ordinate of the flexible wall at the upstream end of the
section must equal those of the flapper and at the downstrean
end be equal to the slope and ordinate of the minimum section.
Since the flapper plate is inflexible and ginged at one end
as shown in figure 2, its ordinate and sloﬁa are not indepen-
dent so0 together they account for one boundary condition,

The slope and ordinate at the downsiream end of this section
are independent variables and account for the other two
boundary conditions. |

The ordinate at the minimum section had previeusly been
determined from the mass flow characteristics of the compressor
involved as 15.09 inches. The condition'thaé'the section is a
minimum requires that the slope'must ba zero thsre.: Knowing
these two end conditions, an expression 1nvolv1ng the»slope
and ordipate of the curve at point 4, f*gure 2 can nﬁw be ~

obtained using the x , y axis system which has its origin at B,

lIt should be noted here that the use of the three axis :
systems located as snown in figure 2 simplifies the application of
the boundary condition and the expression of the dlffarentlal
equations, - ‘
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4t point B:

ron equation (2)

(}’;B =5 { ﬁ(x),,zx]s rC,

0 =0 + C
30 -
Cl=O
Trom equaticn (3}
Jy =§——[/]f{x)éx} tCx +C,
,.Y = +0‘+'C
% =C

nNow, for oint on the curve, equations (2) =nd (3} can be
# s &g

written as 4 .
p :
Y Oy =“E‘f/;f(x)e)x (2-a)
P &,
" ET ~ JX/ﬁf(x)aIx
and .
y = g—i//;(x) dx + [3-a)
L = Wy?’.ya
eI ﬂﬁfx)dx “
80 that | - @
CLYA)( _ Y=

Jreddx [ dx -

£t point 4, (x = b9),

.4 “ Sroddx
(Z\%) [/ﬁ&) dx (‘“ )
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: 194 7, _
(%(Y“)A = 14208 (he)
Y ~15.09
24. 5

This expression defines the slope as a linear function

g

of the ordinate for the elastic curve equation and is rlotted
in f1ure 3. A second curve of ordinate versus slope of the
Ilapper plate end is plotted on the same figure using measurs-
ments obtzined on a scale model of the fizpper and their
intersection provides a common sclution which satiafies both
the geocaetry of tie lapper plite and the elastic curve
equation. As obtained from fizsure 3, tne values of slope and

ordinate are (gg)p = -0,1318 and Yy < 13,324,

Exact agreement in slope at point 2 is not eritical
sinee the flow is moving with low velocity at that point so
the accurrcy of the praviical solution is sufficient here.,

Now shifting to the X%,y axis system with origin at A,
the coﬁstants of equation {3) can be evaluated and the equation

of the curve written. Fram equation (2), evaluated at point BQ\

(%), - & [frwar] + ¢

¢ =-&[freox],
C, =-784 ;gEf
since (dy/dx)g = O is an end condition.



Using ecuation (3) at point £, (x = C),

P ;
v = &[], vex +c )
C, = 18.32
since ¥y, = 16.32% is a second end condition.

~From equation (2) at point &, (x = 0),

(%A = f%[//((x)AXJA TG

=C, = - 1318
since the third end condition is (dy/dx), = -C.1318.

Thus from equ.tions (5) and (7)

P C
EI ~ 781
:+J%§% = . 000 68|
%E% = .00002802

Jov the exact solution of tie elastic gurve equation which
satisfies the boundary conditions can be written from eguation (3)

Y =.00062802 [{st‘—(xﬂ){f’} *&X-M}3+(x—zl)3¥(x—28) 3#()(-35)3}
+ {(xwz)é:(x—q 9)3}) —~ . 1318X + 18.32

Solution of this equation for successive values of x gives

(&)

the cordinate for tne curve from the flapper plate to the
geometric minimum. This is a general form of the equation
which is true only if quantities in which (x - 7a) ¢ O are
neglected. A parallel wall extends oune jack length (7 iz:lchea)
downstream of B, the geometric miq_:b;‘mm, to point C where the

expansion portion of the supersonic diffuser begins. This
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configuration eliminstes bending moments at B and C and

also tends to produce a smooth flow over this oriticsl regiou.



CHAPTRL V
CESIGN JF SUPERSCONIC PCRTICK CF NUOLZLE
I. AERCDYR ﬁﬁLG RngUIRER EN“S

The expansion'portion of the supersonic effuser, (CD),
was also désiéned as a curve wnich would result in uniform
jack loads since this part of the efruser can be of arbitrary
shape in the cheracteristic method used for'ihe serodynanic
desiyn of this portion of the norule. Howmever, the length of
the nozzle is fixed Sy the shape of the expansion part for
w given Mach numfer. The el%stic curve equation, equation (1),
can again be used here and two of the required tiree boundary
conditions are supplied by the slope and ordinate at ¢ which
are the sane as those at B. The third condition 1s more
gifficult to obtain for the‘SIope, or ordinate since they are
%
functions of each other, at the point of maximum expdnsion, |
‘po*nt L, determines the test section Mach number, otner condlthns
‘belng equal. This r&latxonship between v waximum expansicn angle
and Mach nuabsey can ‘be obtained on;y by cdmpletlng a characteristic
hnet for the nozzle‘ |
| ‘Since: the test:sectidn Mach number is a d&sigﬁkcdadition
Alt is n@cessary to use saQCesslve approximations &L tha slopﬁ
to ob bain the remired teat sectlon Hach mumber. In the design

‘ of this nozzle the tniru aprraximatlun resulted in a nozzle of

ES
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the reguired ilach number to a sufficient degree of accuracy.
The fivst two approximations were checked ianually using a
dach net with two degres incrementsi_‘The final caléulation
was nade on a automatic relaj computing machine for a ikach
net having three~quarter degree incremeuls using tie standard
setup of trne machine for nozzle calculations.

Downstrean of the point of maxinum exracsion, D, the
Sha:e of the nowzle is diﬁtated by aercdynanic considerations
gince the metiod of characte}istics uses this portion of tae
nozzle to cancel tre ex;ansion lines orizinating in the section
ba so ro un.form load curve is possible gownestresm of moint D.
HOWev;r, this resion is not expected to be heavily loa@ed for
strass analysis of an earlier nozzle showed ithe hign stress

conceatrations oniv in the subsonic pait of the nozzle,
II., UNIFCHM LOAD GURVE

After the slope of coint T has been chosen the uniiorm
load curve betw&en'c and D can be obtained from tre elastic
load curve, equation (1), in the same manner that it was
obtained over the lemgth AR,

Let %emax a713.87°, where 6 is the total angle of
expausion. The end conditions can now be given as;

1. yg = yg = 15.09¢

. 2. ten 8¢ = O

3. tan 6p = ~0.2440
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For this calculation toe origin of tne axis system X, 2

is taken at D, There equation 2 becomes, since X = C

(&) = & [rodnrc @)

~-0.2469 = o. +C

C, =-0-24¢9

&t peint ¢ x = 49" and equation (2) is

() = & Jrovax v c (1o)
0 = %(784)—0-944‘7

P & .249¢9 _ P

Ef = m784 =T 00318 j ¢ 1 = . 0000525

Bquation (3) at point ¢ .1s
4P
Yo ¥ ¢ FI _/]f(X)G/X ~+C;X +C, (1)

: Cz = 15.093 +‘(‘)4a?)(4-?) ~(. 0603/!)("1408)

C} = 2/.140 P

The equation for tie curve CD cun be #z'-itwn ,,a's f

oosszs [ (x40} ~{0craeoy’-Gos s’}
B ey R PR

" Here sgain, terms where (% - 7n) €C are to be neglected, .

)/ =
)
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Successive sclutions at various x-values result in a
series of y~values fiom which & snooth curve, (D, .cin be’
plotted. Since the characteristic method of nozzle desimm
requires that expansions be concentrated intc finite sters
it is necessary o gpproxiinete the smooth curve by a series
of straight line sepements. This is done for the tinal
appfoximation by plotting the first derivetive <f tie curve
against the axial length from which coordimates at three-guarter
degree increments can te obtained. Tansvent lines were drawn
&t these points on the uniform lead curve and their interseections
were taxen as the coordinates of the straivht line segement

approximation to the uniform load curve.



ChAFTLn VI
THE LnThCD CF CHARACTARISTICS
T DeRlVATION OF CHEKACTerdSTIC SQUATIONS IN SUFPERSCNIC FLOw

This use ¢f characteristics has been in general practice
in supersonic aerodynamics for some time and a mathematical

development of the characteristic equations can be found in

references such as ILiermann and Puckétte, and Coufant and

3

Friedrichs” which present such a development with varying

degree of vigzour.
@
n a physical plsane the characteristic eguations for
two dimensional steady perfect isentrcpic flow can be developed

from the continuity equation and the equations of motion

which are respeciively

age:) +;($f) -0 )
and |

- %%+v% :*?%;‘ (1h)

w %3{+1r.§§' = »?%% |

,zﬁans violfgang Liepmann and Allen . “Pucket.t,' Introduction

to ferodynamics of a Compressible Fiuid (Mew York: John Wiley:
3R. Courant and ¥. O. Friedriehs, Supersonic Flow and

Shock Waves (Rew York: Intersciemce Fublishers, Inc. 19L8) p LO.
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wincre u and VvV are ve}gcity cemnonents in the x and y-
directions, pr is pressure, and p is density. Since the
velocity of sound can bLe written as

= (2 z (13)

Y
|

%g-éi%ﬁz;s%% (14)

the eguations of centinuity and motion cnn be combined to

and

result in

5)‘%(’“5;)"‘ F(-% )- %% (3% +3)=0 o
Isentropic flow requires irrotationality which is ezrressed
as

3

trierefore a velocity potentizl @ defined by the conditions

R ) _

QX = Ohcf‘ :"‘V‘

JP
; 4
exists. On substitution of the velocity potentisl and the
condlﬁlon of 1:rotationalxty equatlon {15) beccmes ‘the

_potential equation of meotion for compressible flow in two

dimensions,

(‘- ) 5 *’?@ (‘Vl); = (6)

L Sl

This equatlon can be rewrltten as

N P

H h '+ 2K$ +Lt =0 (A7)
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where .
Ph s R Dl
Fr= oxt ; ST oxy ; t= A
ur 't I e
H=1"33 ; K=7"737 ; L=t-37F

Ph;:/sical gignificance ‘c‘aﬁ be attached to characteristics
by considering a supersonic.fléﬁ at a lach lins. Here the
raynitude and direction of tre flow upstream of the kach line
are not identical to the values of flow magnitude and direction
which exist Jownstream. In tems of’equation (1L); if velocity
potential @, exists upstream cf the @ach®line thten a new
poteitial, fp, will exist on the downstream side. Since
the flow is continuous over a lMach line thé'potentials and
their first derivatives which are the velocity campdnents mast
be equal on the line. The bauchy theorenlt shows that the
im,egrai of a partisl differentisl eqation such as eqaation
{16) is universally defined’if itsfvalué and the value of its
first derivatives are known fer.all points on a-line.'-This
does not océur only‘lf the line is a charactsrlstlc varietycﬂ
tie equation. Slqce the two salutlons cf the potentlal flow

' eguaticn, equation (i&), fo?_the Tegions upspreamAand,dgwnstregm

ot

hC A. Viebster, Fartlal Blffer@ntlal Eauations of
watnewatical Ph351ca (Yew YQrk; Ge . Eo- Stech#rt‘ﬂa., 1933),
Chapter VI, A ,




22
cf the Mach line have the sane value of vnotential and the same
derivatives at the Mach lirne ut not slsewhere it can be
conciuded tnat the Each lines in a sunersonic flow coincide
with the characteristic lines of the potential flow ecuation.
Yhis means that the mathematical properties of characteristies,
diescussed iu detail in CGourant and Hilber’b,S can be assigned_
to Mach lines and makes possible a step-by-ster solution of
the potential f{low equation in a supersonic*fiel;ta

Now consider some éﬁrve £ in the flow and let A be
an arc lengtn along the curve. Thus £, wuw, and v are

functions of A. Then

e R R A (e)
QU _ DY X 4 dv Y sIX Y
In T Ox oA +3§‘%X = S35 Loy (19)

Since the coordinates of the curve are assumed known, r, e,
and t- are the three unknowns and equetions (18) ana (19)
plus the eguation of motien, (17), provide the necessary

three eéuations to solve for the unlmowns.

5ﬁ. Courant and B. Hl*bert Eegggdgn‘usr &athemdtlschep
,ngslk (Berlin: bprlnger, 1937), vol T.p 290.

| -
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DX Y R 7
roa t SO on o ©
I % A
s 4 —_—

+s(aKk) +& =0

rH

Using determinates

I 5 A&
Y PRy
Y. v
S O8N 5%
H L o
IX I
Y N
o X o
oA SN
H 2K L -

(20).

Consider tne case where & is indeterminant because both its

numerater and denominator equal zero,

]

X o u

Io) ~>,/ '7f'

H L ©
‘al'nd

¥ ¥y o

o x' ¥y

H aK L
vhere ( ;' = é%( )

=0

(21)

(22)

¥
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Lgiation (22) expands to
XILxﬂikylfyIHyﬂno)
or : ) 2
L(x)® - 2K x%’ +H (¥") =0
Division by (x')2 sives

() 2k (B +L -0

(23)

widch has the solutions

dy _ KtyKHL (21)

dX\._ H

If it is supposed that u and v are known at every
point, the two directions given by equation (2L) are defined
and two families cf curves may be 1océted in the flow field.
These are c;.alled characteristic curves. In tems of velocities

“equation (2L) becomes

- LY 3 “925_2 _ w? _ 7
dy _ % N EF-(-&)-%
d x T2

- 5

E)
el @t ré
wr )/ Lt o
- &
2
Thus the charscteristics are real if 9= wPrr? 2 52 and
o 2 s o
gmgmmiff<a + This corresponds to the supersonic
and subsonic conditians,\fESPectively.
ihe relationship obtained by setting the nuuerstor

of 8, equation (21), equal to zero gives



x'[“Lv"] +u’ [”H)’ '] =0,

or Ju )Y 2% I o
H Sy %XH‘ Sy 55°¢° (25)

This equation givesithe variation of u and v along the

characteristic lines.
IT. NaTHCD OF CH:RACTeRISTICS IN SUFoaScilC NCZzLks DESIGN

In the application of tre chsracteristic method to
supersonic nozzle design used here uniform sonic flow is
assumed at the. gerodynsmic minimum. The walis of the nozzle

must diverge after the throat in a manner which in genersl

is arbitrary but which in this case ig trescribed by the unifom

load condition. This is the exp'nsion‘portion of the norzle, -
viich if it treated as a series of straight line segements
with £ {finite increment of slope between each, will produce

a flow pattern of intersecting expansion waves 58 shown in
tigure L. :

‘“’At some point the curvature must reverse until the
walls awain become parallel. If the curve in this region is
also considered to be made up of straight line ssgements, the
corners are now concave and compression waves are produced,

If these corners are located at.the points where the exvansion

waves strike the wall and if the compression waves originating

from those corners are of identical strength to the incoming

.
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waves then tley cancel eaéh othzr and no disturbance is
refiected or produced. #hen all the expansion waves have thus
been canceled the wélls will be parullel and the flow will be
undisturbed and therefore parallel to the walls throughout the
region at sawe kHech nunper grester than one.

The length of the nozzle for a given Mach number is a
fuaction of the maxiaum expansion angle and the nusbzr of
reflections of tne exvansion waves before cancellation.
in tuis case the length of the nozzle is set indirectly by
the uniform load structurzl condition. Since this nozzle is
to be used in an existing tunnel configuration it is necessary
that the norzie length fall within a given range of values.

. The fincl nozzle configuration obtained ircm the sucessive
approximaztions fell within this range so it was possiblevio .
satisfy all the imposed conditions. In general the nozzle
length would not be restricted as it was in this p%rticular

problem.



CHAPTER VII

BOUNDARY L~Y&R CORRECTION

s

I. INTROBUCTION

Up to this point all of the aerodynamic calculations
have dealt with potential flow, i.e., the effects of viscosity
- were neglected. In flows of this type the only boundary
condition at the wall is that the direction of the flow must
be tangent to the wall. The flow is free to slip along the
surface. However, theory and eXperiment have shown that the
interaction of i‘o‘rces between molecules in the flow and in
the wall is so.strong in flows of normal density tilat the
fluid particles adjacent to the wall will have the same
velocity as the wall itself. This .coﬁdition is incompatible
with the requirements for potential flow. The fluid at some
distance from a wall has a finite' velocity relative to the
wall while at the surface of the wall the relatiwve velocity”
is zero. This decrease from finite to zero relative velq_ci‘;,y

is brought about by internal friction of viscosity.
II. DERIVATION OF BOUNTJARY LAYER MCOMENTUM EJUATIONS

Consideration of viscosity introduces a new boundary

condition which means that instead of the first order Bulerisn

g -

equations of moti¢h, (1L), it is now necessary to deal with
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second order equations, the so~called Navier-Stokes equations.

In two dimensional flow for air they can be written as

Duw 9P 9
2 T Tx '—bx{ be SJ‘VW)J [ i;‘g’:)

@‘g? = "‘f‘ *")‘[«0‘[25&: Q}W' W)] [«U(Dj gx] (26)

where y 1is the coefficient of viscosity and

dir W = 5%5 *’3;7

The terus of the left side of these equations and the
first term on the right comprise Euler's equation of motion.

The div # term is due to compressibility and the other terms
result from the action of viscosity.

ExperimentalL;esults show that even in a viscous fluid
such as air the flow, except for a thin layer next to the §urface
of a body, acts almost as if the air were a non-viscous fluid,

In this thin layer the velocity changes from its free siream
value at the outer edge to zero at the edge adjacent to the
wall. Since this change in velocity, which can be large, occurs

in a thin layer, the rate of change of velocity normal to the

flow direction (3u/dy) can be very large. This viscous force

per unit volume is 1‘6 “%; 80 that in the layer this force can

'be appreciable even though s, the coefficient of ¥iscosity, is
small for a medium such as air. Here the,viscous and inertia
terms are of the same order of magnitudé, Outside of this layer
the normal velocity gradient 1s amall 80 the viscous forces are.
very small compared to the inertla terms and the simpler potnntial

flow equatlons can be used in place of the Névier-Stokes equatiens.



29
Following this line of reasoning, Frandtl in 190L was able
to 8implify the Navier-Stokes equations thraugh an analysis of
the order of magnitude of the terms so that a new set of equations
of motion could be writtgn for this region which he called the
boundary layer. These equations are commanly known as the boundary

layer equations and in two dimensions they are

Ju Je dw 1 Op AL J%L

2= = g =L =2l == 27

e t4Sx TtV oy FxtT @ QY% (27)
and s).f. =

o

In obtaining-equations (27), the sssumption was made that .the
variation of the velocity goﬁponents with time were of the same
order of magnitude as the rest of the acceleration terms.

Even though simpler than the HNavier-Stokes equations
the boundary layer equations are still of the second order
and it is not generally possible to obtain solutions of these
equations. An approxima£etsolution can be obtained if the idea
of attempting to satisfy the equations of motion for each
individual particle is abandoned in favor of satisfying only
the integral‘of g1l the particles over a section of the boundary
layer. This amounts to satis{ying the momentum equation which

'is obtained by direct integration of the boundary layer

equations for two dimensional compressible flow as follows:

(28)
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where & 1s the boundary lsyer thickness.

Consider first

and from continuity

Q_y:___. UL
S T

g0 that
So)mr 5 5‘)
[0 L == [0
‘ [
[LLV]‘, =Uvs = U .) where U= Uy-s
Therefore, the second and third terms of (19) become
(a Sx “f*U‘D}-)J] = U ,,)x
° 5
o
“‘J/haLz ;if - ITJ/r Ju CLY
(f @y - Ufu Jy}

since the extra terms arising from the variability of the

upper limit with = cancel ocut.

é
Also f P SPp
/-9"4)/ =8 X

S )
5 =[] = [¥]

since tne skin friction coefficient, 1"b is defined as - -

and

0

.7""
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hence the complete integration which is the momentua equation

is
$ &
‘ o
-~7;=U§;—[€aabf*§;fom@-,[§?°b‘55§ (29)

Using the equatious of motion for a compressible fluwid at the

/
edge of the boundary luyer, equstion (13), the definitions:

5
*
disvlacement thickness = © =f/ )
* ' g . o I= CsU CIJ

and

zomentum thickness 7.7/ [ QU l* %) cl)f

and considerine the flow to be steady the momerntum equ-tion
can be rewritten as

Qf’ He L bf’s) _ T
* ( ) te 5%/ < oeL (30)

wﬁere He= 7?;9 .
'I‘m,@ equation is appllcable both to subscnic, and supersomc
) £.low but cannot be usad 8Cross .a shotk wave because this
eonaitmn v1oiates the assumptions o:f’ the bouqdax;y layer
e qua mons .
The boundar';f 1ayer along the nozz‘le walls was uomputed

by the menhmd of reierence ) whlch uses as 3 basw eouatlm (30)"’

,\
1
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and it was assumed to originate at stztion U, the upsirean

flange of the entrance cone,
ITX. KETHCD OF CCRRECTICN pUR NOoiLli BOUNDARY L YiR

The msthod of reference £ is to obtain an exuression
for momentun thiciness in a turbulent boundary l:yer by a
gtep-by~-step integration crocess of equation (21) in which a
fixed velocity rrofile is used. The effect of cvensity chanees
tnrough the boundary layer on the ratio of Jdisplacement
thickness to nomen{um toickness is éonsidered and tre experi-
mental resuit of Ytheodorsen and heglef that skin friction
coefficient for turbulent flow is independent of~ﬁach number
iz used. The additionsl zssumption is made that skin-friction
formulas for flat plates may pe used in the computation of
toundary layer thickness in flow with pressure gradients.

knowing tue momentun tinickness :zlong the nozzie wall
the displaceuent tnickness is sasily obtainable and it is
this ps:rameter which is used as the vasis of the boundzry
layer correction.

Since the desimn of iipe tunnel fixes the vertic-l

. 6ide walls as parallel, a rouch method of cerrecting for the

i

&

5§g g, Revolwing Disks, Cylinders, and St ggggine Rods at -
igh Speeds.. NACA TR Ho. 793, 194l.

el

E

neodore Theodorsen and Arthur Regier, pxpsrimegts on' -
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side wall boundary layer growth is used. Thg growth of
boundary layer on the side walls is aésum;a idéntical to that
on the twp and bottom of the tunngl. '*berefo.rﬁ, the boundary
‘layer corrections to the top and Lottom are determined by
atlbiplying tie previously calculated boundery layer disglace—
ment thicknesses by the ratio of the sagi-perimeéé{ddf.tne

nozzle to the nozzle width. These corrections are then applied

solely to the top and bottom walls.
V. ADJUSTMENT IN REGION OF AERCDYNARIC b INIMUM

In section zzc‘(étatioﬁs 16, 525 to 1Y.294) in which the

.tunnel Walls are parallel ﬂmor to correc‘tlon for boundary
" layer grnwth the correctlon is 1gteutlon&lly made 1nsufficxent
“to allow for the full boundary layer rrowth so that thoking
will occur at point Cy From G to the end, of the nomzle, the
coordlndtes from thE chafaeteribtlc calculgtion were opened aﬁ
" amount eqplvalent to the boamiary layer displagement th&ckness
to allow for boundary"Laycr growth These aalculﬂtloqs are' -
based on one abmaSphepe stagnatlen presaure in the test sectlong

; A table af the nnzzle coordxnates With and without the |

| boundary 1ayér Garraetlan faetor 13 prasaﬂtad in table 1I.

The. values. WitH boind

E layer aerrecthn can he asad direetly

to léj smt the %mplatas for this nozzle.
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TABLE II. CRDINATES OF 2.2 NCLZLE 2

SUBSUNIC TRMPLATE

(feet) .. {inches) : (inches)
(includes boundary layer (magnitude of boundary
gorrection) - layer correstion)

11.025 o 2G40
11,425 (&) 19.80
12,025 18.91
2.52¢% 18.17
12.6995 - 17,928
12.945 ©17.537
13.195 17.157
13.4L45 164792
13.695 16,45k
14.195 “o. . 15.881
1l kS S 15,655
15,195 .7 18,228
1545 R 15.160
15.685 ‘ S 0 - 72
116,195 SR LT <L I *
16.L45 15.094
16.525 (B) 15.093

. -SUPLRSONIC THAFLATE

16.525 (B).. < 15.0930 - o 0

16.9 , 15,1090 o C.016
17.294 (¢) 18,1391 Coa 0231
17,730 Sl 15.1600 RS .0280
18.282 ©1B278C 0 L 0260
l&allos .. L el 154-3365 ‘ s ¥ . / . 0{)21{5
18,515 oo 1s37300 - o DT T 0190
1-8.6{18“ T S 150630 0 - LT N 1
W T ABLEBMS . e . .0206
18.8567*;31* LT Isgms o T L 0238
18.987. - oo 188900 v .0260

DO OO0 CODOOT0OOODO 0

L 19.235 Coeasals o o T 033¢
19,361 . - 1653 o B togg;
8T T o 16,67k S - .0l120
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X _
(feat) (inches). ' (inches)
(includes boundary layer (magnitude of boundary
correction) layer correction)
17.561 16.8205 C.CLLs
19.624 16,9550 ivle
17.74L7 13,2135 . 2535
17.878 17.5320 » 060
20.03C 17.7130 069
20151 13.232L LC76L
20.278 18,5759 L0839
20.527 19.2780 102
20,867 20,2519 1279
- 21.262 21.3272 .15¢2
21.6L6 22,3064 190k
22,032 23.2267 L2227
22.h63 26.18530 « 260
22.895 25,0790 «299 °
23.324 25,3969 . 3369
24,215 © 27,3850 ,11210
2h.073 28.0l15 L1655
25,076 28.568C {va
25,431 29.02%0 .5Lo0
25.972 29.4935 5975
26.498 29.718L B0k
27 . 069 < 30 » 2925 "; . 7125
Tor 27.61h EEEN 30.5660 S TT700
23.18L 3047500 .B220 -
28,835 (L} 30,9090 - .385C
30.00 31.0159 «99139
36 (F) . 31.5400 1.516

38;0’ o 31.702C . 1.6780

o f(A) upstream end of flexible wall

{R) geometric minimum

{C) aerodynasic minimum

(&% beginning of test section

CF d@wnatrﬂam end of flexible wall



CUtPThi VITI
BCCUARCY OF RLSULTS
I. STRUCTURAL RuSULTS

The st ructural requirement of uniform loads at the
suroort points need only be aprroximately satisfied to prevent
) &
the eriginad failures of tne studs so no high degree of

accuracy is necessary for lhe structursl phase of the design.

.

T1. AcRUDYNASIC RESULTS

Tne aerodynaaic design rrocedures followed those used
in previous nozzles and the same degree of accuracy was
obtained in each case, Since these earlier nozzles were
sgtisfactorf it is believed that the accuracy of this phase
of the desisn for this nozzle is also sufficient..

The approxinmation of a boundary layer growth on the
side wallé which is identical to that on tne top and bottom
walls in computing the boundary loyer correction is known to,
be inexact since the strean-wise preééure sradient is not‘
the identical in cach case and also the in;eracticn effacts
in the corners of the rectangulsr tunnel are neglected, This
approximation is u éd because of thne difficﬁlty atbendant to
obtaining &« more exact solution and beéause previousAexPerience

has shown it to glve satisfactofy results in a similar
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application. Another source of error in the boundary layer
cqlculations is the use of a consiant stagnation nressure of
one atwesphere nlthcugh the nozzle is to be used over a
runge of stagnution rressures from 0.125 bo 2,2 atmospheres.
Tnis approxirmation of constant stagnation gressure at the
test section in the boundary il.yer calcul-tions reguired if

a single set of tewplates is to be used for each kach nuwuver,



CHAFTe? IX

RECCIBENDLTICNS 4ND LINITATIONS

Lu view of the roughness of the approximations involved
in considering the btoundary layer ;rowth in this nozzle it is
now c;onsidered(likaly that a less elabor.te caloylation of the .
poundary layver growhnh would reduce the computatinnai effort
siwpler fom of the aomentum equation weuld resuit without
decreasing the over-all accuracy cof the design. =t mis_.rht
even be possibtle to eliminate the bowuiary layer calculsticns
entirely and design the nozzle by the method of charscteristics
for a slightly higher test section ¥ach numbor than is actualiy
desiﬁéd.

It has previously been noted that the designation of
the uniform load curve in the exransion portion of the super- :
sonic nozzle fixes the to‘tal length of the nouzle. Th:"Ls i=
an exarple of Lhe type of 1:’.mitAaiian which m~y reswit indlrectly”
when additionsdl conditicrns are added to fucse resulting from R
the aercdynamic design. The situotion in which the outside
requireménts are incompatible with the aerodynamic rgquireréeﬁts
can easily arise; in which cagSe it will usﬁall:y; be necegsary
to defer the outside requivements to the zerodynawics since

the function ¢f the nozzle design will otherwise be impaired.

.



CHAPTER X
SIL2IARY

The problew of the design of a nozzle to be used in
a flexible-walled supersonic wind tunnel by the method of
characteristics which wiil satisfy the structural requirement
of uniform lozd on the flexible wall supports is carried
out to a practical scoluticn. éttention is given te the
backzround of the method of characteristics and also to
neéthod of correcting the nozzle fcr boundary layer growth,
The final result e have been presented in table II in a form
which gives_nozzla’coordinates and the magnitude of ﬁdundany

layer correction.
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Figure L4.- Characteristic diagram.



